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Saturation

Definition
A graph G is said to be F-free if no subgraph of G is
isomorphic to any graph F ∈ F .

Definition
A graph G is said to be F-saturated if G is F-free and for any
edge e /∈ E(G) then G + e ∈ F
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Example

A Graph that is K4-free but not K4-saturated
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Saturation Number

Definition
The saturation number of F is the minimum number of edges
in an F-saturated graph with n vertices, denoted

sat(n,F)

Definition
The extremal number of F is the maximum number of edges in
an F-free graph with n vertices, denoted

ex(n,F)
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Hajnal’s Original Game

• Two Players take turns adding an edge to an empty graph
• They cannot add an edge that forms a triangle
• The last player to add an edge wins

Question: Who wins as a function of n?

For 3 ≤ n ≤ 9 player 2 wins except if n = 6.
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Füredi, Reimer, and Seress Game

Two Players: Mini and Maxi
Final Score:

• Mini: -1 point for every edge
• Maxi: +1 point for every edge



Introduction Saturation Saturation Games Odd Cycle Saturation

Füredi, Reimer, and Seress Game

Two Players: Mini and Maxi
Final Score:

• Mini: -1 point for every edge
• Maxi: +1 point for every edge



Introduction Saturation Saturation Games Odd Cycle Saturation

Saturation Games

Definition
The game saturation number of a graph family F is the number
of edges in the resulting graph from the saturation game
avoiding F with Mini and Maxi playing optimally

satg(F ; n)

Theorem
1
2

n log n + o(n log n) ≤ satg(C3; n)

Erdős

satg(C3; n) ≤
n2

5
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